Abstract. In this paper, we show that the modified Mann iteration with errors converges strongly to fixed point for uniformly L-Lipschitzian asymptotically Φ-pseudocontractive mappings in real Banach spaces.
Introduction
In this paper, we assume that E is a real Banach space, E * is the dual space of E, D is a nonempty closed convex subset of E and J : E → 2 E * is the normalized duality mapping defined by
where ·, · denotes the generalized duality pairing. The single-valued normalized duality mapping is denoted by j. 
It is obvious that if T is an asymptotically Φ-pseudocontractive mapping, then T is an asymptotically pseudocontractive mapping. Conversely, it is not true. The convergence of Mann-type and Ishikawa-type iteration processes for uniformly L-Lipschitzian and asymptotically Φ-pseudocontractive mappings in Banach spaces have been studied extensively by many authors, see for example [1, 2, 3, 6] .
Recently, Ofoedu [3] gave iterative approximation problem of fixed points for uniformly L-Lipschitzian asymptotically pseudocontractive mappings in Banach spaces. The results are as following. 
For arbitrary x 0 ∈ K let {x n } n≥0 be iteratively defined by
Suppose there exists a strictly increasing function
Then, {x n } n≥0 is bounded. 
Suppose there exists a strictly increasing continuous function
Then, {x n } n≥0 converges strongly to x * ∈ F (T ). [3] is not reasonable. In order to avoid this problem, we will provide a significant improvement. Meanwhile, we obtain the convergence results of Ishikawa iterative sequence by the equivalence of the strong convergence results for uniformly L-Lipschitzian mappings in real Banach spaces. For this, we need the following concepts and lemmas.
which is called the modified Ishikawa iterative process with errors, where (ii) For any given 
. Let E be a real Banach space and let J : E → 2 E * be a normalized duality mapping. Then
for all x, y ∈ E and each j(x + y) ∈ J(x + y).
be a nonnegative real numbers sequence satisfying the inequality
where θ n ∈ (0, 1) with 
Main results
lim n→∞ a n = 0 and c n = o(a n ) with a n + c n ≤ 1, for any n ≥ 1. The sequence {u n } ∞ n=1 is defined by (1.2). Then, {u n } n≥1 converges strongly to q.
Proof. Applying Lemma 1.6 and (1.2), we have (2.1)
From (1.2), we observe that
Taking (2.2) into (2.1), we obtain (2.3)
It then follows from (2.3) that (2.4)
Suppose this is not the case, i.e., suppose λ > 0, and choose a γ > 0 such that γ < min{1, λ}. Then
And it results that (2.6)
Since a n , A n → 0 as n → ∞, there exists N 1 > N such that
for all n > N 1 . Applying Lemma 1.7, we obtain that u n+1 − q → 0 as n → ∞. By the continuity of Φ, then
1+ u n+1 −q 2 → 0 as n → ∞. This is a contradiction and so λ = 0. Consequently, there exists an infinite subsequence such that u n j +1 − q → 0 as j → ∞. Next we want to prove that u n j +m − q → 0 as j → ∞ by induction. Let ∀ε ∈ (0, 1), choose n j > N such that
. First, we want to prove u n j +2 − q < . Suppose it is not this case. Then u n j +2 − q ≥ , this implies Φ( u nj +2 − q ) ≥ Φ( ). Using the formula (2.5), then we may obtain the following estimates (2.7)
is a contradiction. Hence u n j +2 − q < . Assume that it holds for m = k. Then by the argument above, we easily prove that it holds for m = k + 1. Hence for ∀m > 1, we obtain u nj +m − q < . This completes the proof. [3] in the proof method.
2. The conditions n≥0 α 2 n < ∞ and n≥0 α n (k n − 1) < ∞ in [3, Theorem 3.1 and Theorem 3.2] are replaced by the more general condition lim n→∞ α n = 0, the conclusion still holds.
3. The Mann iteration method in [3] is extended to the modified Mann iteration method with errors introduced by Xu [5] . Therefore, while c n = 0, for any n ≥ 1 in Theorem 2.1, then the following result holds. 1] be such that n≥1 α n = ∞ and lim n→∞ a n = 0. The sequence {u n } ∞ n=1 is defined by (1.4) . Then, {u n } n≥1 converges strongly to q. 
Corollary 2.3. Let E be a real Banach space, D be a nonempty closed convex subset of E and T
1 : D → D be a uniformly L 1 -Lipschitzian asymptot- ically Φ-pseudocontractive mapping with sequence {k 1n } n≥1 ⊂ [1, +∞) and lim n→∞ k 1n = 1. Let q ∈ F (T 1 ) = {x ∈ D : T 1 x = x}. Let {a n } n≥1 ⊂ [0,
Theorem 2.4. Let E be a real Banach space, D be a nonempty closed convex subset of E and T i : D → D (i = 1, 2) be two uniformly L-Lipschitzian asymptotically Φ-pseudocontractive mappings with the sequences {k
where L 1 and L 2 satisfy the inequality:
where {k 1n } and {k 2n } satisfy the inequality: (1.4) and Lemma 1.6, we have (2.8)
Observe that (2.9)
where
Without loss of generality, we assume that
for any n ≥ 1. Then (2.10) implies that (2.11)
If it is not the case, assume that λ > 0. Let 0 < γ < min{1, λ}. Then
Thus (2.13)
By a n , B n → 0 as n → ∞, we choose N 1 > N such that 2γ−4B n 1+2αnγ > γ for all n > N 1 . It follows from (2.13) that
It follows from Lemma 1.7 that x n+1 − u n+1 → 0 as n → ∞, this is a contradiction and so λ = 0. Consequently, there exists an infinite subsequence such that x n j +1 − u n j +1 → 0 as j → ∞. Next we want to prove that x n j +m − u n j +m → 0 as j → ∞ by induction. Let ∀ε ∈ (0, 1), choose
. First we want to prove x nj +2 − u nj +2 < . Suppose it is not this case. Then
Using the formula (2.12), we now obtain the following estimates: (2.14)
is a contradiction. Hence x n j +2 −u n j +2 < . Assume that it holds for m = k. Then by the argument above, we easily prove that it holds for m = k+1. Hence, we obtain x n − u n → 0 as n → ∞. 
Proof. Using Corollary 2.3 and Theorem 2.4, we obtain the conclusion of Theorem 2.5.
Similarly, we also obtain the following results. Proof. Using Theorem 2.1 and Theorem 2.6, we get the results of Theorem 2.7.
